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ABSTRACT 

It is known that a dual Banach space has the Radon-Nikod)~m Property if and 
only if it does not have a tree. It is shown that a Banach space has the 
Radon-Nikod~m Property if and only if it does not have a "weighted tree".  

It has long been known that l~ does not contain a tree [2, pp. 163-165]. In fact, 

a necessary and sufficient condition for a dual Banach space to have the 

Radon-Nikod~m Property (RNP) is that it contains no tree. The necessity 

follows from nondentabili ty of the closed convex span of a tree, and is valid for 

all Banach spaces. For the sufficiency, Stegall has proved that every nondentable 

dual space contains a tree [3, pp. 218-219]. It is well known that a general 

Banach space has RNP if and only if it is dentable.  For a summary of known 

results on RNP, see [1]. 

It is an open question whether  a non-dual space without RNP must have a 

tree. We will show that the absence of a weighted tree is a necessary and 

sufficient condition for a Banach space to be dentable, or to have RNP. 

A dentable subset of a Banach space is a subset K such that, for every e > 0, 

there is a point p in K such that p is not contained in c o [ K \ B ( p ,  e)] ,  where 

co[M]  is the closed convex span of M and B(p, e)  is the e-ball  centered at p. A 

Banach space is said to be dentable if every bounded subset is dentable. It 

follows that a Banach space is dentable if and only if every bounded closed 

convex subset is dentable.  

DEFINITION. A tree in a Banach space is a subset 

T = { x " : I < = i < 2  n-1. = , n = 1,2, ".} 
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satisfying the condit ions:  

(T1) IIx"'ll <- 1. 

(T2) x "' = �89 + x"+1'2') for  all n and i. 

(T3) There  is a separat ion  cons tan t  e > 0, which means  that,  for  all n and i, 

I1 x o+,.2,-1 _ x ~ > ~. 

It is easy to see that a Banach  space is not dentable  if it contains a tree, since 

the sets T and c o l T ]  are not dentable.  

DEFINITION. A branch of a tree is a sequence {wn} such that each w, is x "' for 
rti ~ X n + l , 2 1 - - 1  n +  1,2i some value of  i, and if w. = x , then w,+l or  x . An  even tua l l y  

l e f t - turn ing  branch of a tree is a branch {w.} for which there is a positive integer 

k such that, for each n -> k, if wn = x "' on the branch,  then 

W n + i  ~ X n4-1,2i-1 " 

DEFINmON. A we igh ted  tree in a Banach space is a subset 

T={x"~:l<-<_i<-<_2"-I"n, = 1 , 2 , . . . }  

satisfying the following conditions,  where 

{t,~ : 1 -< i  -<2"-1; n = 1 , 2 , . . . }  

<1- and Y.~=~ t. = 00 if {t.} is a subset of is a set of real numbers  for which 0 =< t., = 2 

{t.,} cor responding  to points along an eventually left-turning branch.  

(T1) ]l x"` I1 =< 1. 

(WT2) x "  (1 ~+12,-1 for  all n = - +t ,~x  ' a n d i ,  tni ) X  " n + l  21 

(T3) There  is a separat ion  cons tan t  e > 0, which means  that,  for  all n and i, 

I lxo- .= ,  1 _  x-+1.2,11 > ~. 

DEF~NmON. An  approx ima te  tree in a Banach space is a subset 

T = { x " ' : l = < i _ - < 2  " - I " , n = 1 , 2 , . . . }  

satisfying the condit ions:  

(T1) IIx"' I1_-< 1. 

(AT2) There  is a sequence  of non-negat ive  numbers  {5,}, the errors in 

averaging ,  such that Y,~=I ~. < 00 and, for each n, 

rti - -  l _ [ x n + l , 2 1 - 1  
IIx =, § x~  < ~o. 

(T3) qhe re  is a separat ion  cons tan t  e > 0  such that, for all n and i, 

I Ix~  x . + l ~ , l l >  ~. 



Vol. 32, 1979 THE RADON-NIKOD~'M PROPERTY 61 

A " t r e e "  is a "we igh ted  t r ee "  for  which each t,~ = ~, and also an " a p p r o x i m a t e  

t r ee"  whose  "e r ro r s  in ave rag ing"  are all zero.  

The  definit ion of weighted  t ree can be modif ied in a way ana logous  to the  

definit ion of a p p r o x i m a t e  tree,  to ob ta in  a definit ion of approximate weighted 

tree. 

LEMMA 1. I f  a Banach space X has an approximate (weighted) tree, then X 

has a (weighted) tree. 

PROOF. Let  T = {x "' } be  an a p p r o x i m a t e  t ree with separa t ion  constant  e > 0 

and er rors  in averaging  {6. }. Since one  can use a sub t ree  of  the given tree,  there  

is no loss of  genera l i ty  if we assume that  E7,=1 6,, < ~ e. Let  

. i  _ 2 k =< j 2 k xk - 2 - k ~  {x"*k": - ( i -  1 ) + 1  _-< "i}.  

Then  

q - 1  

IIx '- x:ll < E 8 . . . .  
m = p  

Thus  {x "'" k �9 k -> 1} converges  to some  e lemen t  y"~ as k ~ oo. We  have  

and,  for  all k, 

. i  - -  . + 1 , 2 1 - 1  x ~ - � 8 9  + x ~ _ ,  ) X k--1 . + 1 . 2 i  

Ily'-x:'ll<8-- Z 8". 
m = l  

Thus  {y " } is a t ree  with separa t ion  cons tan t  at least e - 28, which is posit ive.  

By using weights  and funct ions of weights  instead of �89 and 2 -k, this p roof  can 

be  adap ted  to a p p r o x i m a t e  weighted  trees.  

W e  p roceed  to p rove  that  a genera l  Banach  space X is nonden tab l e  if and only 

if X contains  a weighted  tree.  First, we establish three  lemmas .  

LEMMA 2. Ira Banach space X contains a weighted tree, then X is not dentable. 

PROOF. Let  T = {x "' } be  a weighted  t ree  with separa t ion  cons tant  e > 0 and 

weights  [t,, } such that  

0_-t, ,=<�89 and ~ ] t . , = o o  

if the sum is t aken  along any branch that is eventual ly  left- turning.  Suppose  the 

Banach  space  X is dentab le .  Then ,  for  a posi t ive n u m b e r  ~ e, there  is an x " in T, 

which we shall call x ' ,  such that  
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(1) x l ~  K = c o [ T \ B ( x  1,~e)]. 

Since K is bounded ,  closed, and convex,  there  is a positive n u m b e r  7/ such that  

dist [B (x  1, r/), K]  > 0. Therefore ,  there  is a cont inuous  linear functional  f, a 

n u m b e r  0, and a positive n u m b e r  a, such that 

f ( y ) < 0  if y E K ,  f ( x l ) > o t + O .  

-1 e where  It follows f rom (1) that the d iameter  of  H is at most  2 , 

H = { x  E T :  f(x)>=O}. 

We have x ~ = (1 - t.~ )x"§ t.~x "§ Thus 

x 1 -  x "§ = (1  - t., ) ( x  "§ - x"§ 

and 

(2) IIx'- x"+"2'll> e ( 1 -  t., �89 

Since x 1 E H and the d iamete r  of H is at most  } e, we have x .+1,2, ~ H. There fo re  

/ (x"*1 '2 ' )<  O. Let  x 2=  x ~§ Since 

a + 0 < f ( x ' ) =  (1 - t., ) f ( x2 )+  t , f ( x  "§ 

< (1 - t., ) f (x  2) + Ot.,, 

division by 1 - t., gives f ( x  =) > a (1  - t., ) - '  + 0. Thus  x 2 E H. 

Inductively,  we obtain  {x k} such that x k ~ H,  and 

k 

1-I ( 1 - , o . ) - ' +  0,  
r n ~ l  

where  ~o~ = t,i and {~o,, } is a sequence  of  successive values of t . . . .  ~.j along an 

eventually left-turning branch th rough  x ~. 

Since 2:7. =1 to,. = ~, HT" =1 (1 - to,, ) = 0. Thus  f is not  b o u n d e d  on the unit ball 

of  X. Hence  T is not dentable,  which implies that the space X is not dentable.  

LEMMA 3. Let  e and 71 be positive numbers such that 

1 ~ ? < e  
~ 1 < ~ ,  e > 2  and 1 - 2 ~ 7  8"  

Then 77 < e /8  < �88 Let  x be a point in the closed unit ball of  a Banach  space X and  

suppose that, for some n >- 2, there is a subset {xi : 1 <- i <= n} of  the unit ball of  X 

and a monotone decreasing sequence of  positive numbers {t~ : 1 <= i <_ n} such that 

x = E~=l t~x~ and 
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(B1) IIx, II =< 1 for all i, 
(B2) E7=1 t, = 1, 

(B3) II x - x, II > e for all i. 
Then there is a positive integer k, a finite sequence of positive numbers 
{s,, : 1_-< m _- k}, and finite sequences {yt, y 2 , " ' , y k }  and {z ,  z2,. . . ,zk} 
in c o { x 1 , - . - ,  x~ }, which satisfy the following conditions for all m such that 
l<__m<_k: 

(i) II Y- II --< 1 and II z,, II--< 1, 

(ii) IIz .  - y .  II > ~ ~, 
(iii) y,,_~ = (1 - s,, )y,, + s,,z,,, where yo = x, 

(iv) ~ _-> y~o~ s .  > ,7. 

PROOF. Case 1: t~ > ft. In this case,  we shall see that  k can be  1. If  we let 

~ t,x, ~ t,x, 
i = 2  i = 2  

W - -  - -  

~] l - t 1 '  
t, 

i ~ 2  

then  x = tlx~ + (1 - t~)w and  we h a v e  

r l x t -  w rl = IIx - x t If > ~, 
1 -  tt 

so that  (ii) is satisfied if (yt,  z l )  is e i ther  (xt, w)  o r  (w, xO. W e  also have  

e < l l x  -x~ll_-< ( 1 -  t~)+llx -tlxlll 

= ( 1 - t ' ) + l l ~ ] 2  t'x'l<=2(x-t'l" 

T h u s  1 - t, > �89 e > 7/. N o w  let s~ = min {1 - t~, t, }. T h e n  r / <  s~ = ~. If  st = tt, let 

y~ = w and  z~ = xl. O n  the  o t h e r  hand ,  if st = 1 -  t~, let y~ = x~ an d  zt = w. 

Case 2: t~ < r/. Since Z?=t t~ = 1, t he re  is a pos i t ive  in teger  k < n such that  

r / < t l + t z + - . - + t k _ - - < 2 r / .  

F o r  each  m such that  1 ~ m -< k, let 

S m  - -  

Clear ly ,  

(3) 

t m  

~t ,  
i ~ m  

k k 

m = 1  m = l  
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Also, 

(4) s,. < 
t,~ t,~ tm 

2 t, 
i ~ k + l  i = l  

Thus  

k k tm < 2r/ 1 1 
Z s , . <  Z l _ 2 r t  = l _ 2 r / < a e  < ~  �9 m = l  m = l  

This  and (3) imply that  (iv) is satisfied. Let  

(5 )  y , - -1  -- 

t!Xl 
i = m  

i = m  

Then  yo = x. Let  z,. = x,.. T h e r e f o r e  

(6) y,,,-1 = (1 - s,. )y,. + s.,x,. 

implies (iii) is satisfied. Clearly (i) is satisfied. It remains  to show that  [[ z',. - y,. II = 

I l x , ,  - y , ,  I 1 > ~ .  We  shall show first that IIx - y,, 11<~8. This follows f rom the 

definit ion of s,., (4), and (5), since 

II x - y~  II ~ II x - y l 1[ + 2 l] yi-1 - yi l] 
i = 2  

m 

= s, l l x , - y , ] [<=2Zs ,  
i = 1  i = l  

W e  then have  

m 
-<2~'~ t~ < 47/ 

i=1 1 - 2 7 /  = 1 - 2"0  

1 

II y,,, - x,,, It--> IIx - ~,,, r l -  IIx - y,,, rr > , ~  - ~  = ~ .  

LEMMA 4. Ira Banach space X is not dentable, then X contains a weighted tree. 

PROOF. If X is not dentable ,  then X contains  a b o u n d e d  closed convex 

nonvoid  subset  K for  which there  is a posi t ive n u m b e r  e such that,  for  each 

p E K, p E c o [ K \ B ( p ,  2e)], i.e., K is not 2e -den tab le .  Wi thout  loss of general -  

ity, we can assume K is a subset  of the unit ball of X. This implies e < 1. Let  7/ 

be  a posi t ive n u m b e r  for  which 
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1 77 <_e 
r / < ~  and 1 - 2 r t  8" 

Let {6. } be a sequence of positive numbers such that 6. < e for each n, and 

Let p be an arbitrary point of K. Since K is not 2e-dentable,  for this e, this 7, 

and this 8~, there is a subset {xl, x2, '" ", x. } of K such that 

P-~'~t'x' l<8'<e',=l 

and liP - x i  II > 2e for each i, where {ti } is a monotone decreasing sequence of 

positive numbers with Z7=1 t, = 1. Let x = E7=1 t,x,. Then conditions (B1) through 

(B3) in Lemma 3 are satisfied, since 

fix - x ,  ll>=llx,- p II- IIx - e l l  >e .  

Therefore  there is a positive integer k, and finite sequences {y~, Y2," �9 ", yk } and 

{z ,  z2, ' -  ", zk } contained in the convex span of {xl," �9 ", x. }, such that properties 

(i) through (iv) of Lemma 3 are satisfied. Now, for 1 =< m =< k, let x ~'~= p, 

x "+1'1 = ym, x "+L2= z,,, and t,,.~ = s,,. Iterate this process with p successively 

being z~, z2, �9 - -, z~, and finally yk, using 82, 83, �9 �9  8~+~, 8~+t, respectively, instead 

of 61. The natural inductive continuation of this process yields an approximate 

weighted tree with separation constant �89 and errors of averaging {8.}. It follows 

from Lemma 1 that X has a weighted tree. 

THEOREM A. A Banach space X contains a weighted tree if and only i f X  is not 
dentable. 

Theorem A follows directly from Lemma 2 and Lemma 4. Moreover,  since 

RNP is equivalent to dentability for Banach spaces [1, theorem, p. 25], we have 

the following: 

THEOREM B. A Banach space has R N P  if and only if it contains no weighted 
tree. 

There are other definitions of "weighted t ree"  that are stronger than our 

definition, but formally weaker than the concept of a tree. For example, one 

might assume that t,, = t,, independent of i, and that Y-7=1 t, = ~. Existence of 

such "weighted trees" implies the space does not have RNP, but it is not known 

whether such existence is implied by the space not having RNP. 
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