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THE RADON-NIKODYM PROPERTY AND
WEIGHTED TREES IN BANACH SPACES'

BY
AGGIE HO

ABSTRACT

It is known that a dual Banach space has the Radon-Nikodym Property if and
only if it does not have a tree. It is shown that a Banach space has the
Radon-Nikodym Property if and only if it does not have a “weighted tree”.

It has long been known that [, does not contain a tree [2, pp. 163-165]. In fact,
a necessary and sufficient condition for a dual Banach space to have the
Radon-Nikodym Property (RNP) is that it contains no tree. The necessity
follows from nondentability of the closed convex span of a tree, and is valid for
all Banach spaces. For the sufficiency, Stegall has proved that every nondentable
dual space contains a tree [3, pp. 218-219]. It is well known that a general
Banach space has RNP if and only if it is dentable. For a summary of known
results on RNP, see [1].

It is an open question whether a non-dual space without RNP must have a
tree. We will show that the absence of a weighted tree is a necessary and
sufficient condition for a Banach space to be dentable, or to have RNP.

A dentable subset of a Banach space is a subset K such that, for every € >0,
there is a point p in K such that p is not contained in co[K\B(p, £)], where
co[M] is the closed convex span of M and B (p, ¢) is the ¢-ball centered at p. A
Banach space is said to be dentable if every bounded subset is dentable. It
follows that a Banach space is dentable if and only if every bounded closed
convex subset is dentable.

DEFINITION. A tree in a Banach space is a subset

T={x":1=i=2""n=12,-}
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satisfying the conditions:
(T1) [[x"f=1.
(T2) x™ =53(x""""+x"""*) for all n and i.
(T3) There is a separation constant ¢ >0, which means that, for all n and i,

”xn+l.2|'—l _ xn+1,2x’” >e.

It is easy to see that a Banach space is not dentable if it contains a tree, since
the sets T and co[T] are not dentable.

DEFINITION. A branch of a tree is a sequence {w,} such that each w, is x™ for

n+1,2i—1

some value of i, and if w, = x™, then w,.;=x or x"*"* An eventually

left-turning branch of a tree is a branch {w,} for which there is a positive integer
k such that, for each n =k, if w, = x™ on the branch, then
n+1,2i—1

Wari = X

DEFINITION. A weighted tree in a Banach space is a subset
T={x":1=i=2""n=12,+}
satistying the following conditions, where
{ta:1=2i=2"",n=1,2,--+}

is a set of real numbers for which 0=, =3 and Z7_,t, =  if {#.} is a subset of
{t.} corresponding to points along an eventually left-turning branch.

(T1) [x™f=1

(WT2) x™ =(1—t.,)x " "+ 4,x"" % for all n and i

(T3) There is a separation constant ¢ > 0, which means that, for all n and i,

”xn+1,2i71 _ xn+1,2i|l > €.
DEFINITION. An approximate tree in a Banach space is a subset
T={x":1=i=2""n=12,-"}

satisfying the conditions:

(T [x"|=1.

(AT2) There is a sequence of non-negative numbers {8.}, the errors in
averaging, such that >7_, 8, < and, for each n,

lem’ — %(xn+l‘2i~l + xn+1,2i)l|< 6’"
(T3) ‘There is a separation constant ¢ >0 such that, for all n and i,

”x n+1,2i-1 xn+l.2i” > €.
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A “tree” is a “weighted tree” for which each 7., = 1, and also an “approximate
tree”” whose “‘errors in averaging” are all zero.

The definition of weighted tree can be modified in a way analogous to the
definition of approximate tree, to obtain a definition of approximate weighted
tree.

LemMma 1. If a Banach space X has an approximate (weighted) tree, then X
has a (weighted) tree.

Proor. Let T = {x™} be an approximate tree with separation constant £ >0
and errors in averaging {8, }. Since one can use a subtree of the given tree, there
is no loss of generality if we assume that £7,_, 8, <je. Let

xP=27 Y xR 2 (i - )+ 1= =2 i)

Then

q-1
xy' =31 < 2 8.

m=p

Thus {xi: k = 1} converges to some element y™ as k — . We have

1 n+1,2i-1 n+1,2i

x:i=§(xk—1 + Xk )

and, for all k,

ly*-xtl<s=3 .

Thus {y™ }is a tree with separation constant at least £ — 28, which is positive.

By using weights and functions of weights instead of 3 and 27%, this proof can
be adapted to approximate weighted trees.

We proceed to prove that a general Banach space X is nondentable if and only
if X contains a weighted tree. First, we establish three lemmas.

LemMA 2. If a Banach space X contains a weighted tree, then X is not dentable.

Proor. Let T = {x"} be a weighted tree with separation constant & >0 and
weights {t..} such that

0

ffA

t.=3 and D t, =0

if the sum is taken along any branch that is eventually left-turning. Suppose the
Banach space X is dentable. Then, for a positive number j ¢, there isan x™ in 7,
which we shall call x', such that
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(1) x'& K =co[T\B(x',}¢)].

Since K is bounded, closed, and convex, there is a positive number 5 such that
dist[B(x', 1), K] >0. Therefore, there is a continuous linear functional f, a
number 6, and a positive number «, such that

fiy)<eo if yek, fxH)>a+0.
It follows from (1) that the diameter of H is at most 3¢, where
H={x€T:f(x)=6}
We have x'= (1 - £, )x"""* '+ £,x"*"% Thus
x'= xR = (1 gy ) (xR - xR,
and
) lx'=x""%|>e(l—ti) =36

Since x' € H and the diameter of H is at most £ ¢, we have x"*"* & H. Therefore
f(x""*)<6. Let x*=x"*"*"", Since

a+8<f(x'y=(1-t)f(x*)+ tf(x"%)
<(1-t.)f(x*+6t,,

division by 1—1, gives f(x*)>a(1—t.) "+ 6. Thus x>*€ H.
Inductively, we obtain {x*} such that x* € H, and

fx*)>a ﬂ (1= wn )" +9,

where w, = t,; and {w. } is a sequence of successive values of f,...1,; along an
eventually left-turning branch through x™.

Since 25 - wn =, [I ., (1 ~ wm ) = 0. Thus f is not bounded on the unit ball
of X. Hence T is not dentable, which implies that the space X is not dentable.

LemMA 3. Let £ and n be positive numbers such that

1 7 €
<z > <s5.
7 , €>2 and T=2n 8
Then 1 < /8 <1i. Let x be a point in the closed unit ball of a Banach space X and
suppose that, for some n = 2, there is a subset {x;: 1 =i = n} of the unit ball of X
and a monotone decreasing sequence of positive numbers {t,: 1 =i = n} such that
X = 2?:1 t,'x,' and
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B1) ||xi||=1 for all i,

(B2) 2.t =1,

B3) |x —x;||> ¢ for all i.
Then there is a positive integer k, a finite sequence of positive numbers
{sm:1=m =k}, and finite sequences {y,ys -y} and {z\ 2 -, 2}
in co{x.,---,x.}, which satisfy the following conditions for all m such that
1=m=k:

(0 ly-l=1and |z.]=1,

(i) llzn —ymll>z2e,

(ii)) Ym-1=(1 = $% )¥m + SuZm, where yo=x,

(iv) 2= 2hoism >

Proor. Case 1: t,> 7. In this case, we shall see that k can be 1. If we let

n

Lix; Z LiXx;
L

_i=2

1_t1,

n
=2
n

i=2

w="

then x = t,x, + (1 - t;)w and we have

”xl_wH:“."_‘_"_I_U%S

1_ tl ’
so that (ii) is satisfied if (y,, z,) is either (x,, w) or (w, x,). We also have

e<[x—x=EQ-t)+|x —txi|

=(1—t,)+”§ tx | =2(1-¢).

Thus 1—t,>3%¢ >7n. Now let s, =min{l — #;,¢,}. Then n <s,=35. If s, =1, let
yi=w and z;= x;. On the other hand, if s, =1-1¢, let y;=x, and 2, =w.
Case 2: t;=1. Since 27_,t, = 1, there is a positive integer k < n such that

n<ti+hL+ - -+4=2q

For each m such that 1=m =k, let

Im

Sm =

3

Clearly,

3) ism>i=tm>n.
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Also,
b b L
@ S <= ST
S 1= 172
i=k+1 i=1
Thus
k k
. 2 1 1
< =N o<l
25 ATy =T <25 <7
This and (3) imply that (iv) is satisfied. Let
. t!'x.'
) Ymo1 =
3
Then y,= x. Let z,, = x,.. Therefore
(6) Ym-1= (1= 5n )Ym t+ S

implies (iii) is satisfied. Clearly (i) is satisfied. It remains to show that ||z, — y.. || =
| Xm — ym || >3&. We shall show first that || x — y. ||<3e. This follows from the
definition of s., (4), and (5), since

[x = ym I=lx = yufl + Z;Ily.--l—y.- [

Zoslx-yl=23s

TIA

“ t.‘ 47]
2 =
211—21; 1-2q

A

€.
We then have

1ym = % |22 = xo | =[x = ym [ > =26 = 3.
Lemma 4. If a Banach space X is not dentable, then X contains a weighted tree.

Proor. If X is not dentable, then X contains a bounded closed convex
nonvoid subset K for which there is a positive number & such that, for each
p €K, p €co[K\B(p,2¢)), i.e., K is not 2¢-dentable. Without loss of general-
ity, we can assume K is a subset of the unit ball of X. This implies ¢ <1. Let 7
be a positive number for which
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1 _n__k
"I<2 and 1—21;<8'

Let {5.} be a sequence of positive numbers such that §, < e for each n, and
> 8. <o,
n=1

Let p be an arbitrary point of K. Since K is not 2¢-dentable, for this ¢, this 7,
and this 8,, there is a subset {xi, x5, - -, x. } of K such that

and ||p — x;|| >2¢ for each i, where {t;} is a monotone decreasing sequence of
positive numbers with Z7_, ¢, = 1. Let x = 2, tx;. Then conditions (B1) through

<b,<eg,

(B3) in Lemma 3 are satisfied, since
Ix —xlzllx —pl-llx-pll>e

Therefore there is a positive integer k, and finite sequences {yi, v,,- - -, y. } and

{z1,24,- - -, 2« } contained in the convex span of {x,, - - -, x. }, such that properties
i) through (iv) of Lemma 3 are satisfied. Now, for 1=m =k, let x"'=p,

g p
x" =y, x"*"?=z,, and t., = s.. Iterate this process with p successively

being zi, 25, * - -, Zi, and finally y., using 8, 83, * - +, 8«1, 8«1, respectively, instead
of &,. The natural inductive continuation of this process yields an approximate
weighted tree with separation constant ;& and errors of averaging {8,}. It follows
from Lemma 1 that X has a weighted tree.

THEOREM A. A Banach space X contains a weighted tree if and only if X is not
dentable.

Theorem A follows directly from Lemma 2 and Lemma 4. Moreover, since
RNP is equivalent to dentability for Banach spaces [1, theorem, p. 25], we have
the following:

THEOREM B. A Banach space has RNP if and only if it contains no weighted
tree.

There are other definitions of “weighted tree” that are stronger than our
definition, but formally weaker than the concept of a tree. For example, one
might assume that t, = t,, independent of i, and that ;_, 1, = . Existence of
such “weighted trees’ implies the space does not have RNP, but it is not known
whether such existence is implied by the space not having RNP.
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